In the framework of the color-magnetic interaction, we systematically investigate the mass splittings of the QQQq tetraquark states and estimated their rough masses in this work. These systems include the explicitly exotic states ccbq and bbcq and the hidden exotic states cccq, cbbq, bccq, and bbbq. If a state around the estimated mass region could be observed, its nature as a genuine tetraquark is favored. The strong decay patterns shown here will be helpful to the experimental search for these exotic states.
I. INTRODUCTION
In the past decade, many exotic XY Z states were observed in experiments [1] [2] [3] [4] [5] [6] [7] . Among them, the charged charmonium-like or bottomonium-like states, the Z(4430) [8] [9] [10] [11] , the Z 1 (4050) [12] , the Z 2 (4250) [12] , the Z c (3900) [13] [14] [15] [16] , the Z c (3885) [17] [18] [19] , the Z c (4020) [20, 21] , the Z c (4025) [22, 23] , the Z c (4200) [10] , the Z b (10610) [24] and the Z b (10650) [24] , are considered as possible tetraquatk candidates with two heavy quarks. They are also good meson-antimeson molecule candidates.
Besides the hidden flavor case, the exotic charmed mesons also stimulated heated discussions on tetraquark candidates. The possible candidates of the exotic charmed mesons D s (2317) [25] [26] [27] , D s (2460) [25, 26] and D s (2632) [28] have attracted much attention due to the deviation of their from the quark model expectations [29] and their unexpected decay properties. Cheng and Hou [30] interpreted the D s (2317) as a cqqs state to explain its mass and decay behaviors. In Ref. [31] , Chen s γ are studied in a four-quark meson assumption in Ref. [32] , which favors the assignment as an iso-triplet. Maiani [33] to explain that the D 0 K + mode is suppressed with respect to the D + s η channel. On the other hand, Liu et al. [34] proposed that the anomalous decay ratio of the D s (2632) can be understood by assuming a four quark state wave function (dsd + sdd + suū + usū − 2sss). The D s (2632) was not confirmed later. The D s (2317) and the D s (2460) mesons are probably conventional charm-strange mesons which are affected largely by the coupled channel effects [35] . The existence of the open flavor tetraquarks remains elusive.
Recently, the DØ Collaboration [36] reported a structure X(5568) in the B 0 s π ± invariant mass distribution. This narrow state is about 200 MeV below the BK threshold. Thus, the X(5568) could be a tetraquark state with four different flavors [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] rather than a molecule state because the binding is too deep for a weak BK interaction in the isovector case [51] [52] [53] [54] . Later, the LHCb Collaboration [55] also investigated the X(5568) state, but found no significant signals, which led some theorists to doubt whether the X(5568) is a genuine resonance [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] . The CMS Collaboration did not confirm the state, either [67] . In this work, we move on to the four quark systems with more heavy quarks to search for more compact tetraquark states, such as QQQQ.
In Ref. [68] , a structure composed of a charm-anticharm quark pair as well as a light quark-antiquark pair, ccqq, was proposed. Other exotic mesons with hidden charm including cccc were also discussed. After that, more groups discussed the existence of such exotic states in various methods [69] [70] [71] [72] [73] [74] [75] [76] . There are different opinions on the stability of the cccc system. Whether such superheavy tetraquark states exist or not awaits experimental judgement in the future.
Usually, it is difficult for one to distinguish a meson-antimeson molecule from a compact tetraquark. However, for the QQQQ system, the binding force comes from the short-range gluon exchange and a molecule configuration is not favored. If such states do exist, it is also possible that the compact tetraquarks with three heavy quarks and one light quark QQQq may exist. The binding force is also provided by the short-range gluon exchange. These states look like the excited D or B mesons.
Recently, two excited nucleon states P c (4380) and P c (4450) are observed by the LHCb Collaboration [77] [78] [79] , where a charm-anticharm pair is excited. Such pentaquarks were predicted in the baryon-meson picture in Refs. [80] [81] [82] [83] . It is also possible that a cc or bb pair may be excited in the charmed or bottomed mesons. Once such states are really observed, their molecule assignment is not supported while the tetraquark nature is favorable. The experimental and theoretical search for this kind of tetraquark states is missing, as far as we know. In this work, we perform a systematic analysis of the mass spectrum of the QQQq system, which may provide important information for future experimental research.
Because the interaction strengths between (anti)quarks may be different, it is usually assumed that the diquark substructure exists in multiquark states, which is reflected in the mass spectra. In studying pentaquark states [84] , it was argued that the triquark (qqq) substructure results in a lower hadron mass. If one specifies the substructure with a given color-spin state, the two configurations result in different spectra. Here we consider all possible color-spin states and diagonalize the Hamiltonian finally. To understand whether they are equivalent for the compact QQQq system, we estimate the mass in the diquark-antidiquark (QQ)(Qq) picture and the triquark-antiquark (QQQ)q picture. One will see that, for the present systems, the two configurations give the same results once the diagonalization is performed. This paper is organized as follows. In Sec. II, we present the formalism of our calculation. In Sec. III, we show the numerical results for the various QQQq systems. Finally, we give some discussions and a short summary in the last section.
II. FORMALISM
To describe the chromomagnetic interaction in the QQQq system, we use the Hamiltonian
where m i is the effective mass of the i-th quark which includes the constituent quark mass and the binding effect. The σ i (λ i ) is the Pauli (Gell-Manm) matrix. For antiquarks, λ i is replaced with −λ * i . The coupling constant C ij = c 0 δ(r ij ) /(m i m j ) is determined by the wave function and the constituent quark mass, where c 0 is related to the interaction constant, r ij is the distance between the i-quark and the j-th quark. In order to calculate the color-spin matrix elements, we adopt the formalism in Ref. [88, 90] . First, we construct the color and spin wave functions by using both the diquark-antidiquark and the triquark-antiquark configurations, and then calculate the color and spin matrix elements with the Hamiltonians H C = − i<j C ij λ i · λ j and H S = − i<j C ij σ i · σ j , respectively. Finally, we get the H CM matrices after performing a type of "tensor product" of H C and H S .
In the diquark-antidiquark configuration, the allowed base vectors in spin space read
where the notation on the right hand side is |(Q 1 Q 2 ) spin (Q 3q4 ) spin spin . Similarly, the base vectors in spin space in the triquark-antiquark configuration are
where the notation |[(Q 1 Q 2 ) spinQ3 ] spinq4 ) spin is used. With the explicit spin wave functions, one finds that χ 1 = ζ 1 , χ 3 = ζ 4 , χ 5 = ζ 5 , and χ 6 = ζ 6 . The color wave functions for the diquark belong to the 6 c or3 c representation, while those of the anti-diquark belong to the6 c or 3 c representation. In the diquark-antidiquark configuration, the base vectors in color space are
To exhaust all possible configurations of the QQQq system, one replaces each Q by either c or b quark. The cases we need to study are: bbbq, bbcq, bcbq, bccq, cccq, and ccbq (q = u, d, s). They can be divided into two classes: (1) bbbq, bbcq, cccq and ccbq; and (2) bcbq and bccq. Because of the Pauli principle for the first class, δ 12 = 0 has to be adopted and thus there are 6 independent color ⊗ spin bases. The second class is not constrained by the Pauli principle and there are twelve independent bases.
A. The bbbq, bbcq, cccq and ccbq systems
The quantum numbers of these systems are I(
The isospin is 0 if q = s. To write the CMI (color-magnetic interaction) matrices in a convenient form, we define the combinations of the effective couplings:
In the case J = 2, there is only one state: φ 2 χ 1 = ψ 2 ζ 1 . The average of the CMI is H CM = 8 3 (α + β) in both the diquark-antidiquark and triquark-antiquark configurations. For a state with given quark content, one replaces the C ij with appropriate number. For example, for the bbbq system, C 12 = C bb , C 13 = C 23 = C bb , and so on.
With the diquark-antidiquark base (φ 2 χ 3 , φ 1 χ 6 ) T , the CMI matrix in the J = 0 case is
Since (φ 2 ζ 4 , φ 1 ζ 6 ) T = (φ 2 χ 3 , φ 1 χ 6 ) T , one also gets this matrix in the triquark-antiquark configuration. In the J = 1 case, one has different CMI matrix elements for the two configurations. The obtained matrix is
with the diquark-antidiqurk base vector (φ 2 χ 2 , φ 2 χ 4 , φ 1 χ 5 ) T . In the triquark-antiquark configuration, one gets
with the base vector (φ 2 ζ 2 , φ 2 ζ 3 , φ 1 ζ 5 ) T . The last matrix elements in the two configurations are the same because
B. The bcbq and bccq systems
The wave functions are not constrained by the Pauli principle and we have δ 12 = 1. When the total spin of such systems is J = 2, the allowed base states are φ 1 χ 1 and φ 2 χ 1 in the diquark-antidiquark configuration. Then the CMI matrix is
We use the base vector (φ 2 χ 3 , φ 2 χ 6 , φ 1 χ 3 , φ 1 χ 6 ) T for the CMI matrix in the diquark-antidiquark configuration when the total spin is 0 and get
In the case of J = 1, we use (
T as the base vector for CMI in the diquarkantidiquark configuration. The obtained CMI matrix reads
T , it is easy to understand that the CMI matrices in the triquark-antiquark configuration are the same as the above ones for the tensor (J = 2) and scalar (J = 0) systems, respectively. The difference only occurs in the case of J = 1. If we choose the base vector (
T , the obtained CMI matrix in the triquark-antiquark configuration is
III. NUMERICAL RESULTS
A. Parameters
The parameters C Qq (Q = c, b, q = n, s with n = u, d) can be extracted from the masses of charmed and bottom baryons while the parameters C QQ (C Qq ) are determined from the heavy quarkonium (D and B) mesons. We list the derived parameters in Tab. I. For C bc , C bc , C bb and C cc , since the relevant baryons are not observed in experiments, we use an estimation C bc = 3.3 MeV from a quark model calculation [29] and use the approximation C cc = C cc , C bc = C bc , C cc = C cc and C bb = C bb . Cns − 16 3 Ccn − 16 3 Ccs Ξ * c 8 3
Ccs Ccs = 4.6 Σ b
The present study is not a dynamical calculation and we use two schemes to estimate roughly the mass of the QQQq systems. In the first scheme, we use the effective quark masses m c = 1724.8 MeV, m b = 5052.9 MeV, m n = 361.8 MeV and m s = 540.4 MeV as inputs. These masses are extracted from the known baryons. We have shown in Ref. [91] that these values lead to overestimated meson masses and give an upper limit for the ground state tetraquarks. In the second scheme, we determine the tetraquark masses by comparing to the threshold of a two-meson system. We will mainly focus on the results in the second scheme. The meson masses we will use in this work are [92] : m Υ = 9460. B. The bbbq, bbcq, cccq and ccbq systems in diquark-antidiquark configuration By substituting the parameters into the CMI matrices in the previous section and diagonalizing the matrices, we obtain the eigenvalues of the CMI and the tetraquark masses with M = i m i + H CM . In the second scheme, we use the formula We present the CMI matrices, eigenvalues, eigenvectors and the estimated masses for the cccn (n = u, d) and the cccs systems in Table II . If these states really exist, probably the masses are slightly above the values in the last column. The reason is that the mass estimated with a color-spin interaction seems underestimated and a correction from the additional kinetic energy is probably needed [91, 93] . The mass splitting between the cccn tetraquarks with different spins is at most 250 MeV. The maximum splitting for the cccs tetraquarks is similar. We plot the relative positions of these states in Fig. 1 , where the masses in the threshold approach are adopted. , and D * s2 ). The orbital or radial excitation cannot induce a state 2500 MeV higher than the ground state. Therefore, once the predicted states could be observed, it is easy to identify them as D-or D + s -like mesons with an excited charmanticharm pair. The argument is similar to the work in predicting the hidden charm pentaquarks [80] . Compared with the pentaquark case, the binding force for the present system is dominantly provided by the gluon exchange interaction. The contribution from the meson exchange is highly suppressed and the interaction between a charmonium and a heavy-light meson is not strong. As a result, a molecule or cusp interpretation is not favored once the resonance structure is observed. In this sense, one may observe a genuine tetraquark. Let us take a look at the possible S-wave strong decay channels of these compact tetraquark states from Fig. 1 , we present several numbers in the subscript of the meson-meson states. When a number is equal to the spin of an initial state, the decay for the initial state into that meson-meson channel through S-or D-wave is allowed.
By replacing the charm quark with the bottom quark, we get the results for the bbbn and bbbs systems in Table III . The rough position is also given in Fig. 1 and similar analysis for the possible decay channels is straightforward. Now we move on to the ccbq and bbcq systems. Such states are explicitly exotic. Up to now, the doubly charmed baryon Ξ cc has not been confirmed since the first announcement by the SELEX Collaboration [94] . There is no experimental result on the search for the proposed T cc (ccqq) tetraquark. But their existence is not excluded. If one replaces a light antiquark in the T cc with an anti-bottom quark, one gets a currently discussed tetraquark system ccbq. The exchange of bottom and charm results in another exotic tetraquark system bbcq. We present the results for the ccbq and bbcq systems in Tabs. IV and V, respectively. In Fig. 2 , we display the rough positions of these possible tetraquarks, where the masses in the threshold approach are adopted. It is easy to judge their possible decays from the figure. The bcbq and bccq are also hidden-bottom and hidden-charm systems respectively. Their features are different from the states in the last subsection. The former case corresponds to the excited D and D s mesons with much higher masses than the cccq. The latter case corresponds to the excitedB andB s mesons with lower masses than the bbbq. Now the first two heavy quarks are different in the flavor space and there is no constraint from the Pauli principle. Therefore, the number of allowed states is doubled. There are two types of meson-meson threshold one may compare to, (cb)(bq) and (bb)(cq) ((bc)(cq) and (cc)(bq)) for the bcbq (bccq) case. We use both of them in estimating the tetraquark masses. The number of the possible strong decay channels is also bigger than in the previous cases. We show the numerical results in Tabs. VI and VII for the bcbq and bccq systems, respectively. At present, we cannot determine the accurate values of the masses without solving the bound state problem. One needs further study to answer which set of masses is more physical. The rough positions for these states are given in Fig. 3 , where we use the masses estimated with the BB c , B s B c , BJ/ψ, and B s J/ψ thresholds.
When discussing the decay patterns, we do not include possible final states containing B * c . First, we focus on the bcbq case. 
D. Numerical results in triquark-q configuration
In section II, we have found that the diquark-antidiquark configuration and the triquark-antiquark configuration give identical results for the cases J = 2 and J = 0 because the flavor-color-spin wave functions are the same. For the J = 1 case, their explicit spin wave functions are different, which results from the coupling order in the spin space. The resulting color-spin bases are different and the CMI matrices are not equal if the color-spin mixing is not considered. After the diagonalization for the matrix H CM is performed, one finds that the results in the two configurations are also equal. We show in Tab. VIII the diagonal of the matrix and its eigenvalues in the triquarkantiquark configuration for the case J = 1. It is obvious that the tetraquark spectra in these two configurations are the same from the comparison with previous results. By comparing the numbers in the two columns of Tab. VIII, one understands the importance of the mixing effect in the triquark-antiquark configuration. 
IV. DISCUSSIONS
In this work, we have calculated the mass splittings for the QQQq type tetraquark systems with the color-magnetic interaction, where q = u, d, s and Q = c or b. We have also estimated roughly the mass positions of these states. We have considered both the diquark-antidiquark [(QQ)(Qq)] and triquark-antiquark [(QQQ)q] configurations and obtained the same numerical results. We notice that one does not need to distinguish the configurations for a compact QQQq system once the mixing between different color-spin states is considered.
The role of the color-spin mixing is different for the J = 2, J = 1, and J = 0 cases in a specific system. For all the discussed systems, the J P = 0 + states get the largest mass gap from the mixing effect and all the highest and lowest states are scalar. In our calculation, the largest mass gaps for the cccn(cccs), bbbn(bbbs), ccbn(ccbs), bbcn(bbcs), bcbn(bcbs) and bccn(bccs) systems are 247 ( We have used two parameter schemes to estimate the masses of the compact QQQq tetraquarks. In the effective quark mass scheme, our results are only theoretical upper limits. In the reference threshold method, the rough masses probably are close to the physical ones. We collect the rough masses for the systems in Table IX , where the tetraquark states without constraint from the Pauli principle and those with exotic flavor are labeled. The results are preliminary since the calculation does not involve dynamics. More studies are needed to clarify the mass spectrum of the QQQq systems. Whether there exist possible stable QQQq tetraquarks also needs dynamical investigations. It is easy to find the possible rearrangement decay patterns from Figs. 1, 2, and 3.
To summarize, we have calculated the mass splittings and estimated the rough masses of the QQQq tetraquarks which are explicitly exotic (ccbq and bbcq) or hidden exotic (excited D (D s ) andB (B s )). We list their decay patterns as shown in the figures which may be helpful to experimental search. If such a high mass cq-like state could be observed, its tetraquark nature is easy to be identified. Moreover, such a state should be accompanied by many partner states. We want to emphasize that the derived mass splittings should be reliable, although the present simple chromomagnetic interaction model cannot give accurate predictions of the tetraquark masses. However, one can get the masses of its partner states using the mass splittings derived in the present work once a QQQq tetraquark is observed in the future. Hopefully these intriguing states can be searched for at LHC. The cccq may also be produced at BELLE2. 
